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ÅProducteigenstatemethod in easy-plane quantum mangets

ÅLarge degeneracyin Heisenberg modelson a generalgraph

Felix Gerken



Quantum magnetism- realizations

Khajetoorians,  [..], Wiesendanger
 Science 332, 1063 (2011)

Gong et al., PRL 112, 110501 
(2019)

Jepsen [..], Demler & Ketterle
Nature 588, 403 (2020)

Cold atoms Quantum computers Solid states

Hong, [..], Hess
PRL (2024)
Phys. Rev. B 106, L220406 (2022)



Completesolutionsto quantumspinsystems
ÅIntegrable systems(Bethe ansatz)
ÅSpecial 1D spinchains[Bethe 1931, Klümper, Göhmann, Frahm, Popkov, ..]

ÅCentral spinmodel [Richardson 1963-64, (inhomog.) Bortz, Stoze(2007) (spinS, homog.) Nepomechie2018]

ÅSpecial 2D models
ÅKitaevtoric code [Kitaev2006]

ÅLevin-Wen models( stringnets) [Levin & Wen 2004]

ÅSolutions by statisticaltransmutation
ÅJordan-Wigner transform( spinsto fermions) [Jordan & Wigner 1928]

ÅHolstein-Primakovtransform( spinsto bosons) [Holstein & Primakoff1940]

ÅSlave particlemethods

Onlyspecialsystemswith completesolution



Motivation:  Heisenberg ƳƻŘŜƭΨǎproductstates

ProducteigenstatesαtƘŀƴǘƻƳ helices

Jepsen [..], Demler & Ketterle
Nature 588, 403 (2020)

1D Heisenberg modelwith boundaryterms



Phantom helices

Boundary phase



Motivation 
Producteigenstatesfound in variousspinsystems
[Cerezo, RossignoliΣ Χ wƝƻǎ нлмт]
[Pokrovskii, V. L. & Khokhlachev 1975]

1D Phantom helices
[Jepsen .. Ketterle2022] 
[Popkov, Zhang, GöhmannΣ YƭǸƳǇŜǊ Χ нлнл-25]
[Batista & Somma 2012, 2015]

2D Kagomelattice and derivatives

[Changlani.. Fradkin2018, Fendley2019]

ND examples
[Jepsen .. Ketterle2022, Changlani.. Fradkin2018]

General theory?



All producteigenstatesin Heisebergmodels
from a graphicalconstruction

Felix Gerken Ingo Runkel Chr. Schweigert Phys. Rev. Research 7, L012008 (2025)

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.7.L012008


Heisenberg modelon a generalgraph
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Symmetriesand spincurrents

U(1) spinrotation symmetryaroundz-axis
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Conservationof spincurrents

In eigenstates: 

Kirchhoff rule for spincurrents
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Productstateansatz
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Coupled trigonometric equations



Productstateansatzςresults

Findings: 
- Polar angle constantthroughoutsystem‮ ɡ

- Adjacentazimuthalangleschangeby ♬ with ‎ ÁÒÃÃÏÓ

- Spin currentconstantmagnitudeon everyedge

- All producteigenstatesdegenerate‭
ᴐ
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Circuit rule
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Analogueto
quantizedflux
throughplaquettes



Producteigenstatesfrom
conservedspincurrents

Consistent spincurrentpatternᵾ producteigenstate

Circuit ruleKirchhoff rule

Completeproducteigenstateclassification
of XXZ Heisenberg modelson graphs



Euler cycles

Hierholzer, Carl(1873)
Mathematische Annalen, 6 (1): 30ς32 (1873)

Königsberg bridgeproblem

https://en.wikipedia.org/wiki/Carl_Hierholzer
https://en.wikipedia.org/wiki/Mathematische_Annalen


Euler cycles
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Impossible to drawHouse of Nikolaus startingfrom the top



Euler cycles

ᵾ
Kirchhoff rule + 
evenvertices

Path throughgraph
existsthat travels
eachedgeexactly
once.

Circuit rule

Choose angle 
‎appropriateto latticeᵾ



Exampleproducteigenstateand Euler cycles

Wrappedup spin
spiral along
Euler cycles
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Large degeneraceproducteigenspaceson 
specialgraphs

Degeneracy ς Degeneracy ς
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Mid-spectrumcondensate

Macroscopicmid-spectrum
degeneracyat energy
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Not all degeneracy
explainedby product states



Hidden anyonic condensate?

Maps spinsto anyons Anyoncondensate



Conclusionsand outlook

ÅFlexible generaltheory of product eigenstatein
easy-plane quantum mangets

ÅDegeneratespinstatesat groundstate and finite energy

ÅPreparationschemesand physicalpropertiesof mid-spectrumcondensates

ÅConnection to hardcoreanyonsbeyondproduct states

ÅNew vacuafor Bethe ansatzand semi-analyticalansätze
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Remarks aboutboundarycontrol



Topologicalclassification, beyond2D
Homotopy groupsof spheres
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Topologyandboundaryeffects

Boundariesessential for topologicalprotection
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GeneralizedJosephson effect

21
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Original

Generalized

z
x yU1 symmetrybrokenat boundaries
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Generalizedhigh-periodicityJosephson effect

Delta = 1/2



Generalizedhigh-periodicityJosephson effect



Universal phase-energyrelation

Even chainlengths Odd chainlengths



Universal modelin Fourier space



Artificialneuralnetwork quantumstates

Joshi, Peters, Posske, PRB (2023), PRR (2023), Arxiv(2024)



Quantum spinhelices

quantum

Posske, Thorwart, PRL (2019)

z
x y

classical



Quantum spinslippage

Adiabatictheorem
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Quantum spinslippage
Antiunitarysymmetry& Kramers degeneracy



Level crossingat sweetspots



Twiston

S = ½

Adiabaticquasiparticlepump

Helicon

Thouless, PRB 27, 6083 (1983); Fu, Kane PRB 74, 195312 (2006)



ὤ  effect
Asymptoticuniversal scaling



Stability
Tunneling amplitude

Kuehn, Gerken,  .., Posske PRB (2023)ɜ ᶿ ὲ ὬὛ ά



Stability

Posske, Thorwart  PRL 122 , 097204 (2019)

Tunneling amplitude

Kuehn, .., Posske, PRB (2023)



Helicalsectorsstability



Helices on a quantumcomputer

Digital quantumsimulatorfor helicalprotection Helicalsectorsprojectivecomputing

Recentlyrealizedby Google team, lookingfor Kardar-Parisi-Zhang universalityclasses
Science 384, 6691 (2024)



Recentresearch

PRL (2017)

PRL (2021)

Anyons

Topological magnetism

PRL (2013), PRL (2015)

Kondo effect

4

Science Adv. (2018), Nat. Phys. (2021),
Nat. Nano. (2022), Nature (2023),
US patent (2024)

Adatom systems

PRL (2022) 

Topological quantum magnetism

PRL (2019), DFG (2020), ERC (2023) Spectroscopy + top. matter



Proximitysuperconductivityin atom-by-atom 
craftedquantumdots: MachidaShibata states



In-gapstatefrom nonmagneticadatoms?

KazushigeMachida, FumiakiShibata (1972)

Exact solution
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Exact solution

Thore Posske - Hamburg



Whereis the in-gapstate?

Hybridization ɜmuchlarger than superconductinggapɝȡɜ ρππρπππɝ

‫ ɝ

A. V. Balatsky, I. Vekhter, and Jian-Xin Zhu 
Rev. Mod. Phys. 78, 373 (2006)

ά Lƴ Ƴƻǎǘ ǇƘȅǎƛŎŀƭ ǎƛǘǳŀǘƛƻƴǎ ώΧϐ ǘƘŜ 
bound state lies essentially at the gap 
ŜŘƎŜΦ ώΧϐ  {Ƙƛōŀ ώΧϐ ŎƻƴŎƭǳŘŜŘ ώΦΦΦϐ  
that they] can be neglected in 
discussion of physical properties.

Thore Posske - Hamburg



Experimental setup
for Machida-Shibata states

Schneider et al., Nature 621,60 (2023)
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Thore Posske - Hamburg
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Experimental setup
for Machida-Shibata states

Schneider et al., Nature 621,60 (2023)

1) Particle-in-a-box state 
couples to superconductor 
only close to boundary

2) Capacitive screening by 
superconductor

3) Energy tunable by 
quantum dot length 
ὉᶿὲȾὒ

Exact solution



Model of extended impurity
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Like single level superconductivity
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Density of states(dI/dV) Measurements

ὲ σὲ ςExperiment

Theory



Single level superconductivity (DOS)



Single level superconductivity (DOS)



Machida-Shibata states
in transmon/gatemon qubits

Kringhøjet al. PRL 124, 246803 (2020)

Bargerboset al. PRL 124, 246802 (2020)

Suppressedvoltagenoise+ strong anharmonicity

KazushigeMachida

άL ǘƘƻǳƎƘǘ ŦƻǊ ƭƻƴƎ ǘƛƳŜ ǘƘŀǘ ǘǊŀƴǎƛǘƛƻƴ 
metal non-magnetic impurities
produce the in-gap state, but the location 
of it is so near the
superconducting gap edge, thus it is 
impossible to prove
its existence. But by your ingenious 
method you have finally checked it
to be true experimentally.
ώΧϐ
I hope that this time reversal preserving 
Machida-Shibata state turns out to be of 
some use for the future as application or 
ŦǳƴŘŀƳŜƴǘŀƭ ǇƘȅǎƛŎǎΦέ



Lego kit of in-gap states for synthesizing 2D 
quantum matter

Machida-Shibata states Yu-Shiba-Rusinov states Nonmagnetic adatoms

Helical magnetism Shiba chains

Majorana modes Precursor Majorana modes



Summary

ÅTopologicalquantummagnetismhostsexotic
quasiparticlesand stablehelicalsectors

ÅAdatomsystemson superconductorsareversatile 
buildingblocksfor 2D in-gapquantummatter 



Dynamicalcreationof helices

89

Chain length: 7
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Recentresearch

PRL (2017)

PRL (2021)

Anyons

Topological magnetism

PRL (2013), PRL (2015)

Kondo effect

4

Science Adv. (2018), Nat. Phys. (2021),
Nat. Nano. (2022), Nature (2023),
US patent (2021)

Topological phases & Majoranas

PRL (2022) 

Topological quantum magnetism

PRL (2019), DFG (2020), ERC (2023) Spectroscopy + top. matter



Multidimensional spectroscopyof
topologicalsuperconductors

91


